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In this paper, we systematically study gauge anomalies in bosonic and fermionic weak-coupling gauge theories with gauge group G (which can be continuous or discrete) in d space-time dimensions. We show a very close relation between gauge anomalies for gauge group G and symmetry-protected trivial (SPT) orders [also known as symmetry-protected topological (SPT) orders] with symmetry group G in one higher dimension. The SPT phases are classified by group cohomology class H d+1 (G, R/Z). Through a more careful consideration, we argue that, the gauge anomalies are described by the elements in Free[H d+1 (G, R/Z)]⊕H d+1 π (BG, R/Z). The well known Adler-Bell-Jackiw anomalies are classified by the free part of H d+1 (G, R/Z) (denoted as Free[H d+1 (G, R/Z)]). We refer other kinds of gauge anomalies beyond Adler-Bell-Jackiw anomalies as nonABJ gauge anomalies, which include Witten SU (2) global gauge anomaly. We introduce a notion of π-cohomology group, H d+1 π (BG, R/Z), for the classifying space BG, which is an Abelian group and include Tor[H d+1 (G, R/Z)] and topological cohomology group H d+1 (BG, R/Z) as subgroups. We argue that H d+1 π (BG, R/Z) classifies the bosonic nonABJ gauge anomalies, and partially classifies fermionic nonABJ anomalies. Using the same approach that shows gauge anomalies to be connected to SPT phases, we can also show that gravitational anomalies are connected to topological orders (i.e. patterns of long-range entanglement) in one-higher dimension. 
I. INTRODUCTION
Gauge anomaly in a gauge theory is a sign that the theory is not well defined. The first known gauge anomaly is Adler-Bell-Jackiw anomaly.
1,2 The second type of gauge anomaly is Witten SU (2) global anomaly.
3 Some recent work on gauge anomaly can be found in Ref. [4] [5] [6] [7] [8] [9] . Those anomalies are for continuous gauge groups. The gauge anomalies can also appear for discrete gauge groups. Previously, the understanding of those discretegroup anomalies was obtained by embedding the discrete gauge groups into continuous gauge groups, 10, 11 which only captures part of gauge anomalies for discrete gauge groups.
In condensed matter physics, close relations between gauge/gravitational anomalies and gapless edge excitations 12, 13 in quantum Hall states 14, 15 have being found.
Also close relations between gauge/gravitational anomalies of continuous groups and topological insulators/superconductors [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] have been observed, [30] [31] [32] [33] [34] which were used extensively to understand and study topological insulators/superconductors. 30 In this paper, we will give a systematic understanding of gauge anomalies in weak-coupling gauge theories, where weakly fluctuating gauge fields are coupled to matter fields. If the matter fields are all bosonic, the corresponding gauge anomalies are called bosonic gauge anomalies. If some matter fields are fermionic, the corresponding gauge anomalies are called fermionic gauge anomalies. We find that we can gain a systematic understanding of gauge anomalies through SPT states, which allow us to understand gauge anomalies for both continuous and discrete gauge groups directly.
What are SPT states? SPT states are short-range entangled states with an on-site symmetry described by the symmetry group G. 35, 36 It was shown that one can use distinct elements in group cohomology class H d+1 (G, R/Z) to construct distinct SPT states in (d+1)-dimensional space-time.
37-39
The SPT states have very special low energy boundary effective theories, where the symmetry G in the bulk is realized as a non-on-site symmetry on the boundary. If we try to gauge the non-on-site symmetry, we will get an anomalous gauge theory, as demonstrated in Ref. 38, [40] [41] [42] [43] for G = U (1), SU (2) . This relation between SPT states and gauge anomalies on the boundary of the SPT states is called anomaly inflow (the first example was discovered in Ref. 44, 45) , which allows us to obtain the following result one can use different elements in group cohomology class H d+1 (G, R/Z) to construct different bosonic gauge anomalies for gauge group G in ddimensional space-time.
This result applies for both continuous and discrete gauge groups. The free part of H d+1 (G, R/Z), Free[H d+1 (G, R/Z)], classifies the well known Adler-BellJackiw anomaly for both bosonic and fermionic systems. The torsion part of H d+1 (G, R/Z) correspond to new types of gauge anomalies beyond the Adler-Bell-Jackiw anomaly (which will be called nonABJ gauge anomalies).
However, in the above systematic description, the nontrivial gauge anomalies come from the non-trivial homological structure of the classifying space BG of the gauge group G. On the other hand, we know that non-trivial global anomalies come from non-trivial homotopic structure π d (G) of G, which is the same as the homotopic structure of the classifying space since π d+1 (BG) = π d (G). Therefore, the cohomology description of gauge anomalies may miss some global anomalies which can only be captured by the homotopic structure of BG, instead of the homological structure.
In an attempt to obtain a more general description of gauge anomalies, we introduce a notion of π-cohomology group H 
If G is finite, we further have
We like to remark that, by definition, H d+1 π (BG, R/Z) is more general than H d+1 (BG, R/Z). But at the moment, we do not know if H d+1 π (BG, R/Z) is strictly larger than H d+1 (BG, R/Z). It is still possible that H d+1 π (BG, R/Z) = H d+1 (BG, R/Z) even for continuous group.
We find that we can use the different elements in the π-cohomology group H d+1 π (BG, R/Z) to construct different nonABJ gauge anomalies. So more generally, the bosonic/fermionic gauge anomalies are de-
We note that Witten's SU (2) global anomaly is a fermionic global anomaly with known realization by fermionic systems.
Since the π-cohomology result
(BG, R/Z) only describes part of fermionic gauge anomalies, it is not clear if it includes Witten's SU (2) global anomaly. On the other hand, we know for sure that the group cohomology result H d+1 (BG, R/Z) does not include the SU (2) global anomaly since H 5 (BSU (2), R/Z) = 0.
We will define H d+1 π (BG, R/Z) later in section V B. In the next two sections, we will first give a general picture of our approach and present some simple examples of the new nonABJ gauge anomalies. Then we will give a general systematic discussion of gauge anomalies, and their description/classification in terms of Free[
(BG, R/Z). Last, we will use the connection between gauge anomalies and SPT phases (in one higher dimension) to construct a non-perturbative definition of any anomalyfree chiral gauge theories. We find that even certain anomalous chiral gauge theories can be defined nonperturbatively.
II. A GENERAL DISCUSSION OF GAUGE ANOMALIES
A. Study gauge anomalies in one-higher dimension and in zero-coupling limit
We know that anomalous gauge theories are not well defined. But, how can we classify something that are not well defined? We note that if we view a gauge theory with the Adler-Bell-Jackiw anomaly in d-dimensional spacetime as the boundary of a theory in (d + 1)-dimensional space-time, then the combined theory is well defined. The gauge non-invariance of the anomalous boundary gauge theory is canceled by the gauge non-invariance of a Chern-Simons term on (d + 1)-dimensional bulk which is gauge invariant only up to a boundary term. So we define d-dimensional anomalous gauge theories through defining a (d + 1)-dimensional bulk theory. The classification of the (d + 1)-dimensional bulk theories will leads to a classification of anomalies in d-dimensional gauge theories.
The (d + 1)-dimensional bulk theory has the following generic form
where φ (or ψ) are bosonic (or fermionic) matter fields that couple to a gauge field A µ of gauge group G. In this paper, we will study gauge anomalies in weak-coupling gauge theory. So we can take the zero-coupling limit: λ g → 0. In this limit we can treat the gauge field A µ as non-dynamical probe field and study only the theory of the mater fields L matter d+1D (φ, ψ, A µ ), which has an on-site symmetry with symmetry group G if we set the probe field A µ = 0. So we can study d-dimensional gauge anomalies through (d+1)-dimensional bulk theories with only matter and an on-site symmetry G.
B. Gauge anomalies and SPT states
Under the above set up, the problem of gauge anomaly becomes the following problem: Given a low energy theory with a global symmetry G in d-dimensional space-time, is there a non-perturbatively well-defined theory with onsite symmetry in the same dimension which reproduce the low energy theory.
We require the global symmetry G to be an on-site symmetry in the well-defined theory since we need to gauge the global symmetry to recover the gauge theory with gauge group G.
It turns out that we may not always be able to find a well-defined theory with on-site symmetry in the same dimension to reproduce the low energy theory. Let us assume that we can always find a well-defined gapped theory with on-site symmetry in higher dimension to reproduce the low energy theory on a lower dimensional defect sub-manifold, such as a boundary, a defect line, etc. Note that we can always deform the higher dimensional space into a lower dimensional space so that the defect sub-manifold looks like a boundary when viewed from far away (see Fig. 1 ). So without loosing generality, we assume that we can always find a well-defined gapped theory with on-site symmetry in one-higher dimension to reproduce the low energy theory on the boundary. Therefore We can understand anomalies through studying theories with on-site symmetry in one-higher dimension.
In this paper, we will concentrate on "pure gauge" anomalies. We require that the theory is not anomalous if we break the gauge symmetry. Within our set up, this means that we can find a well-defined gapped theory in same dimension to reproduce the low energy theory, if we allow to break the symmetry at high energies. If we do not allow to break the symmetry, we still need to go to one-higher dimension. However, the fact that the boundary theory can be well defined within the boundary (if we break the symmetry) implies that the ground state in one-higher dimensional theory has a trivial (intrinsic) topological order. [46] [47] [48] This way, we conclude that
We can understand "pure" gauge anomalies through studying SPT states 37-39 with on-site symmetry in one-higher dimension.
A non-trivial SPT state in (d + 1)-dimensions will correspond to a "pure" gauge anomaly d-dimensions. (For more detailed discussions, see section IV)
With such a connection between gauge anomalies and SPT states, we see that the topological invariants for (d + 1)-dimensional SPT states 49, 50 can be used to characterize d-dimensional gauge anomalies. The topological invariants for (d+1)-dimensional SPT states also give rise to anomaly cancellation conditions: Given a potentially anomalous gauge theory in d-dimensional space-time, we first construct a well defined (d + 1)-dimensional theory which produce the d-dimensional gauge theory. (This step is needed since the potentially anomalous gauge theory may not be well defined in d-dimensional space-time.) If all the topological invariants for the (d+1)-dimensional theory are trivial, then the d-dimensional gauge theory is not anomalous. In addition to the topological invariants studied in Ref. 49 ,50, we can also characterize gauge anomalies through the induced gauge topological term W gauge top (A µ ) in the (d + 1) dimensional theory, obtained by integrating out the matter fields. The gauge topological term provide us a powerful tool to study gauge anomalies in one-lower dimension.
The above describes the general strategy that we will follow in this paper. In the following, we will first use this line of thinking to examine several simple examples of nonABJ gauge anomalies.
III. SIMPLE EXAMPLES OF NONABJ GAUGE ANOMALIES
A. Bosonic Z2 gauge anomaly in 1+1D
The simplest example of nonABJ gauge anomaly is the the Z 2 gauge anomaly in 1+1D. Since
we find that there is only one type of non-trivial bosonic Z 2 gauge anomaly in 1+1D.
To see a concrete example of Z 2 gauge anomaly, let us first give a concrete example of non-on-site Z 2 symmetry. Gauging the non-on-site Z 2 symmetry will produce the Z 2 gauge anomaly.
Let us consider the following spin-1/2 Ising-like model on a 1D lattice whose sites form a ring and are labeled by i = 1, 2, · · · L: 37, 42, 51 
where σ x , σ y , σ z are 2-by-2 Pauli matrices. The model has a non-on-site (or anomalous) Z 2 global symmetry generated by
where γ i,j is a 4-by-4 matrix that acts on two spins at sitei and site-j as γ = |↑↑ ↑↑|−|↑↓ ↑↓|+|↓↑ ↓↑|+|↓↓ ↓↓|. We say U is a non-on-site symmetry transformation since it cannot be written in the direct product form (i.e. the on-site form) 37-39,42 U = ⊗ i U i , where U i acts only on site-i.
Such a non-on-site (or anomalous) symmetry is not "gaugable". If we try to gauge the Z 2 symmetry, we will get an anomalous Z 2 gauge theory in 1+1D. The anomalous Z 2 gauge theory is not well defined and we cannot even write down its Hamiltonian. However, the anomalous 1+1D Z 2 gauge theory can be defined as a boundary of a 2+1D Z 2 gauge theory. So we can study the physical properties of anomalous 1+1D Z 2 gauge theory through its corresponding 2+1D Z 2 gauge theory. We will do this in the next section for the more general anomalous 1+1D Z n gauge theory.
In the rest of this section, we will not gauge the Z 2 symmetry. We will only study the 1+1D model with the non-on-site (i.e. anomalous) Z 2 symmetry. We like to understand the special properties of the 1+1D model that reflect the anomaly (the non-on-site character) in the Z 2 symmetry.
The most natural way to probe the gauge anomaly is to measure the gauge charge induced by gauge flux. So to probe the Z 2 anomaly, we like to add an unit of Z 2 flux through the ring on which the 1+1D system is defined, and then measure the induced Z 2 charge. But since the Z 2 symmetry is non-on-site, we do not not know how to add an unit of Z 2 flux through the ring. We can add Z 2 flux only if we view our anomalous 1+1D system as a boundary of a 2+1D Z 2 gauge theory, which will be discussed in the next section. So here, we will do the next best thing: we will study the 1+1D model on a open line. The 1+1D model on an open line can be viewed as having a strong fluctuation in the Z 2 flux through the ring.
The Hamiltonian on an open line, H line , can be obtained from that on a ring (4) by removing all the "nonlocal terms" that couple the site-1 and site-L, i.e. by setting
H line still has the anomalous (i.e. non-on-site) Z 2 symmetry: U H line U −1 = H line . However, as a symmetry transformation on a line, U contains a non-local term γ L,1 . After dropping the non-local term γ L,1 , we obtain
We find that U line is also a symmetry of H line :
So all the representations of the group must be even dimensional. Such a symmetry causes a two-fold degeneracy for all the eigenvalues of H line . From a numerical calculation, we find that the two-fold degenerate states always carry opposite Z 2 quantum numbers U = ±1. This is a property that reflects the anomaly in the Z 2 symmetry.
The two-fold degeneracy induced by the Z 2 nonon-site symmetry implies that there is a Majorana zero-energy mode at each end of 1+1D system if the system lives on an open line.
B. Bosonic Zn gauge anomalies in 1+1D
Now let us discuss more general Z n gauge anomaly in 1+1D bosonic gauge theory, which is classified by
So there are n − 1 non-trivial Z n gauge anomalies. To construct the examples of those Z n gauge anomalies, we will present two approaches here.
In the first approach, we start with a bosonic Z n SPT state in 2+1D. We can realize the Z n SPT state through a 2+1D bosonic U (1) SPT state, which is described by the following U (1) × U (1) Chern-Simons theory:
where the non-fluctuating probe field A µ couples to the current of the global U (1) symmetry. Here the K-matrix and the charge vector q are given by 52-54
The even diagonal elements of the K-matrix are required by the bosonic nature of the theory. The Hall conductance for the U (1) charge coupled to A µ is given by
The above 2+1D U (1) SPT state is characterized by an integer k ∈ H 3 [U (1), R/Z]. We also know that an 2+1D Z n SPT state is characterized by a mod-n integer m ∈ H 3 (Z n , R/Z). If we view the 2+1D U (1) SPT state labeled by k as a 2+1D Z n SPT state, then what is the m label for such a 2+1D Z n SPT state? The mod-n integer m can be measured through a topological invariant constructed by creating n identical Z n monodromy defects: 50 2m is the total Z n charge of n identical Z n monodromy defects. On the other hand, a Z n monodromy defect corresponds to 2π/n flux in the U (1) gauge field A µ . From the 2k quantized Hall conductance, n identical 2π/n-flux of A µ will induce 2k U (1) charge, which is also the Z n charge. So the above bosonic U (1) SPT state correspond to a m = k mod n bosonic Z n SPT state.
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The low energy effective edge theory for the 2+1D system (9) has an non-on-site Z n symmetry if k = 0 mod n. (In fact, the low energy edge effective theory has an non-on-site U (1) symmetry.) If we gauge such a non-onsite Z n symmetry on the edge, we will get an anomalous Z n gauge theory in 1+1D, which is not well defined. (In other words, we cannot gauge non-on-site Z n symmetry within 1+1D.) However, we can define an anomalous Z n gauge theory in 1+1D as the edge theory of a 2+1D Z n gauge theory. Such a 2+1D Z n gauge theory can be obtained from eqn. (9) by treating A µ as a dynamical U (1) gauge field and introduce a charge n-Higgs field to break the U (1) down to Z n :
The edge theory of the above Ginzberg-Landau-ChernSimons theory contain gapless edge excitations with central charge c = 1 right-movers and central chargec = 1 left-movers. Such a 1+1D edge theory is an example of anomalous 1+1D Z n gauge theory that we are looking for. The anomaly is characterized by a mod-n integer m = 2k. A unit of Z n flux (a 2π/n flux) through the hole (see Fig. 2 ) will induce a 2m/n Z n charge on the edge. Such a property directly reflects a Z n gauge anomaly. To summarize, in the first approach, we start with a Z n SPT state in 2+1D to produce a 1+1D edge theory with a non-on-site Z n symmetry. We then gauge the nonon-site Z n symmetry to obtain an anomalous Z n gauge theory in 1+1D.
In the second approach, we use the the Levin-Gu duality relation 49, 55, 56 between the Z n SPT states and the (twisted) Z n gauge theory in 2+1D. We obtain the anomalous 1+1D bosonic Z n gauge theory directly as the edge theory of the (twisted) Z n gauge theory in 2+1D. The (twisted) Z n gauge theory can be described by the following 2+1D U (1) × U (1) Chern-Simons theory:
where theK-matrix is given bỹ
When m = 0, the above 2+1D theory is a standard Z n gauge theory, and its low energy edge theory is a standard Z n gauge theory in 1+1D with no anomaly. Such an 1+1D Z n gauge theory can defined within 1+1D without going through a 2+1D theory. When m = 0, the m term corresponds to a quantized topological term in Z n gauge theory discussed in Ref. 55 . Such a quantized topological term is classified by a mod-n integer m ∈ H 3 (Z n , R/Z) To see the relation between the U (1) × U (1) ChernSimons theory eqn. (13) and the Z n gauge theory in 2+1D, 57, 58 we note that a unit a 1µ -charge correspond to a unit Z n charge. A unit Z n charge always carries a Bose statistics. So the Z n gauge theory is a bosonic Z n gauge theory. On the other hand, a unit of Z n flux is described by a particle with l v I a Iµ -charge. We find that l v 2 = 1 (so that moving a unit Z n charge around a unit Z n flux will induce 2π/n phase). l v 1 can be any integer and the l v = (l v 1 , 1) a Iµ -charge is not a pure Z n flux (i.e. may carry some Z n charges).
When the 2+1D system (13) has holes (see Fig. 2 ), the theory lives on the edge of hole is an 1+1D anomalous Z n gauge theory. If we add Z n flux to the hole, we may view the hole as a particle with l = (0, 1) a Iµ -charge. Such a particle carries a fractional 2m/n Z n charge as discussed above. We conclude that, when m = 0, a unit of Z n flux through a ring, on which a 1+1D anomalous Z n gauge theory lives, always induces a fractional Z n charge 2m/n, which is a consequence of Z n gauge anomaly of the 1+1D system.
From the second description of the anomalous 1+1D bosonic Z n gauge theory, we see that if we view the holes with a unit of Z n flux as particles (see Fig. 2 ), then such particles will carry a unit of a 2µ -charge. If we braid the holes with a unit of Z n flux around each others (see Fig.   2 ), those holes will carry a fractional statistics θ = 2m n 2 π (the fractional statistics of unit a 2µ -charges).
One can use fractional (or non-Abelian) statistics of the holes with flux to detect 1+1D gauge anomaly.
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The gapless edge excitations of the 2+1D theory (13) is described by the following 1+1D effective theory
where the field φ I (x, t) is a map from the 1+1D spacetime to a circle 2πR/Z, and V is a positive definite real 2-by-2 matrix. A Z n flux (not the pure Z n flux which is not allowed) is described by an unit a 2µ -charge. From the equation of the motion, we find that, in the bulk, a Z n flux correspond to a bound state of 1/n a 1µ -flux and 2m/n 2 a 2µ -flux. Thus a unit of Z n flux through the hole is described by the following boundary condition 60,61
We see that the Z n symmetry of the 1+1D theory is generated by
Such a Z n symmetry is anomalous (or non-on-site) if m = 0 mod n in eqn. (36) . When n = 2 and m = 1, eqn. (15) is the low energy effective theory of H ring in eqn. (4). If we gauge the Z n symmetry, we will get an anomalous 1 + 1D Z n gauge theory, which has no 1+1D nonperturbative definition. This way, we obtain an example of bosonic anomalous Z n gauge theory in 1+1D, eqn. (15) and eqn. (17) .
2 . So there are 127 different types of Z 2 × Z 2 × Z 2 gauge anomalies in 1+1D. Those 127 gauge anomalies in 1+1D can be constructed by starting with a 2+1D Z 2 × Z 2 × Z 2 gauge theory. We then add the quantized topological terms 55 to twist the Z 2 × Z 2 × Z 2 gauge theory. The quantized topological terms are also classified by
. The low energy edge theories of those twisted Z 2 × Z 2 × Z 2 gauge theories realize the 127 types of bosonic Z 2 × Z 2 × Z 2 gauge anomalies in 1+1D. The edge theories always have degenerate ground states or gapless excitations, even after we freeze the Z n gauge fluctuations (i.e. treat the Z n gauge field as a non-dynamical probe field).
As discussed in Ref. 62, 64 twisted Z 2 × Z 2 × Z 2 gauge theories can be described by U 6 (1) Chern-Simons theories (13) with
where m i , m ij = 0, 1. The m i terms and the m ij terms are the quantized topological terms, which twist the 2 ).
D. Fermionic Z2 × Z2 gauge anomalies in 1+1D
A fermionic Z 2 × Z 2 anomalous (i.e. non-on-site) symmetry in 1+1D can be realized on the edge of a 2+1D fermionic Z 2 × Z 2 SPT states. Those fermionic SPT states were discussed in detail in Ref. 50, 51, 65 . We found that there are 16 different fermionic Z 2 ×Z 2 SPT states in 2+1D (including the trivial one) which form a Z 8 group where the group operation is the stacking of the 2+1D states.
One type of the fermionic Z 2 ×Z 2 anomalous symmetry in 1+1D is realized by the following free Majorana field theory
The Z 2 × Z 2 symmetry is generated by the following two generators
i.e. λ R carries the first Z 2 charge and λ L the second Z 2 charge. The the above fermionic anomalous symmetry is the generator of Z 8 types of fermionic Z 2 ×Z 2 anomalous symmetries. Due to the anomaly in the Z 2 ×Z 2 symmetry, the above 1+1D field theory can only be realized as a boundary of a 2+1D lattice model if we require the Z 2 × Z 2 symmetry to be an on-site symmetry. (However, it may be possible to realize the 1+1D field theory by a 1+1D lattice model if we do not require the Z 2 × Z 2 symmetry to be an onsite symmetry.) One example of 2+1D realization is the stacking of a p+ ip and a p− i p superconductor (denoted as p + i p/p − i p state). 26, 50, 65 Since the Z 2 × Z 2 symmetry is anomalous in the above 1+1D field theory, if we gauge the Z 2 ×Z 2 symmetry, the resulting 1+1D fermionic Z 2 × Z 2 gauge theory will be anomalous which can not have a non-perturbative definition as a 1+1D model. However, the 1+1D fermionic Z 2 × Z 2 gauge theory can have a non-perturbative definition as the boundary of a 2+1D model. One such model is the stacking of a bosonic ν = 1 Pfaffian quantum Hall state 66 and a bosonic ν = −1 Pfaffian quantum Hall state (denoted as Pfaff/Pfaff state). Note that the bosonic ν = 1 Pfaffian quantum Hall state have edge states which include a c = 1/2 Majorana mode and a c = 1 density mode. 67 However, since we do not require boson number conservation, the density mode of the ν = 1 Pfaffian state and the density mode of the ν = −1 Pfaffian state can gap out each other, and be dropped.
Again, it is interesting to see that a non-perturbative definition of an anomalous 1+1D fermionic Z 2 × Z 2 Abelian gauge theory requires an non-Abelian state 66, 68 in 2+1D.
The bosonic U (1) gauge anomalies in 2+1D are described by H First, let us give a more general definition of anomalies (which include gauge anomalies as special cases): We start with a description of a set of low energy properties, and then ask if the set of low energy properties can be realized by a well-defined quantum theory in the same dimensions? If not, we say the theory is anomalous.
So to describe the 2+1D U (1) gauge anomaly, we need to first describe a set of low energy properties. The U (1) gauge anomaly is defined by the following low energy properties: (1) there are no gapless excitations and no ground state degeneracy.
(2) the U (1) gauge theory has a fractional Hall conductance σ xy = κ/2π. The above low energy properties implies that, after integrating out the matter field, the 2+1D theory produces the following gauge topological term
When κ ∈ [0, 2), the above two low energy properties cannot be realized by a well-defined local bosonic quantum theory in 2+1D. In this case, the theory has a U (1) gauge anomaly. To see the above two properties cannot be realized by a well-defined 2+1D bosonic theory (i.e. represent a U (1) gauge anomaly), we first note that the requirement that there is no degenerate ground states implies that there are no excitations with fractional charges and fractional statistics (since the state has no intrinsic topological order 46, 47 ). Second, the above U (1) Chern-Simons theory with a fractional coefficient has a special property that a unit of U (1) flux (2π flux) induces a U (1) charge κ (since the Hall conductance is κ 2π ). The fluxcharge bound state has a statistics θ = κπ. Since a unit of U (1) flux only induce an allowed excitation, so for any well-defined 2+1D model with no ground state degeneracy, the induced charge must be integer, and the induced statistics must be bosonic (for a bosonic theory):
We see that, for κ ∈ [0, 2), the above U (1) Chern-Simons theory (with no ground state degeneracy) cannot appear as the low energy effective theory of any well-defined 2+1D model. Thus, it is anomalous. But when κ = even integer, the above 2+1D model with even-integer quantized Hall conductance can be realized through a well-defined 2+1D bosonic model with trivial topological order, [40] [41] [42] [43] and thus not anomalous.
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This is why only κ ∈ [0, 2) represents the U (1) anomalies in 2+1D. However, the above anomalous 2+1D theory (with no ground state degeneracy) can be realized as the boundary theory of a 3+1D bosonic insulator that does not have the time-reversal and parity symmetry. The 3+1D bosonic insulator contains a topological term
that is allowed by symmetry. A unit of magnetic flux through the boundary will induce a fractional U (1) charge κ on the boundary. Thus the 3+1D bosonic insulator can reproduces the above two mentioned low energy properties.
The above result can be generalized to study U k (1) gauge anomaly in 2+1D. If after integrating out the matter fields, we obtain the following gauge topological term
then the theory is anomalous if κ IJ is not an integer symmetric matrix with even diagonal elements. The anomalous U k (1) gauge theory can be viewed as the boundary of a 3+1D U k (1) gauge theory with topological term
Two topological terms described by κ IJ and κ IJ are regarded as equivalent if
where K even is an integer symmetric matrix with even diagonal elements. In this section, we consider 2+1D fermion systems with a U (1) symmetry where the fermion parity symmetry is part of U (1) symmetry. As a result, all fermions carry odd U (1) charges.
The gauge anomalies in such fermionic U (1) gauge theory are described by H The U (1) gauge anomaly correspond to the following low energy properties: The 2+1D anomalous fermionic U (1) gauge theory has (1) a gapped non-degenerate ground state and (2) a fractional Hall conductance σ xy = κ/2π. After integrating out the matter field, the 2+1D theory produces the following gauge topological term
When κ ∈ [0, 1) the above 2+1D theory is anomalous. When κ = integer, the above 2+1D model with integer quantized Hall conductance can be realized through a well-defined 2+1D fermionic model -an integer quantized Hall state which has no ground state degeneracy. So the 2+1D theory with integer κ is not anomalous. This is why only κ ∈ [0, 1) represents the fermionic U (1) anomalies in 2+1D.
Similarly, the above result can also be generalized to study fermionic U k (1) gauge anomaly in 2+1D. If after integrating out the matter fields, we obtain the following gauge topological term
then the theory is anomalous if and only if κ IJ is not an integer symmetric matrix. The anomalous fermionic U k (1) gauge theory can be viewed as the boundary of a 3+1D U k (1) gauge theory with topological term
where K is an integer symmetric matrix. It is interesting to see that the periodicy of κ IJ is an even integer matrix for bosonic systems while the periodicy is an integer matrix for fermionic systems. After understanding the U (1) gauge anomalies in 2+1D for bosonic and fermionic systems, we are ready to discuss a more interesting example -
gauge anomalies in 2+1D.
Cohomology description
, R/Z] as a subgroup. Using Künneth formula (see eqn. (E15)), we can compute
where Z ⊕2 n ≡ Z n ⊕ Z n . Then using the universal coefficient theorem (see appendix E), we find
We see that some of the
Continuous gauge anomalies
The gauge anomalies described by (R/Z) ⊕2 can be labeled by two real numbers (κ 1 , κ 2 ) ∈ (R/Z) ⊕2 (for fermions) or (κ 1 , κ 2 ) ∈ (R/2Z) ⊕2 (for bosons). An example of such a gauge anomaly can be obtained through a U (1)×[U (1) Z 2 ] gauge theory coupled to matter fields. If integrating out the matter field produces the following gauge topological term in 3+1D:
then the 3+1D gauge theory describes the desired gauge anomaly. Here A 1µ is for the first U (1) and A 2µ the second U (1), and A 2µ changes sign under the Z 2 gauge transformation.
First discrete gauge anomaly
If integrating out the matter field produces the following gauge topological term in 3+1D:
then the 3+1D gauge theory describes a discrete
Z 2 ] gauge anomaly (which belongs to Z
⊕2
2 ). The boundary 2+1D theory of the 3+1D system will be a U (1) × [U (1) Z 2 ] gauge theory with the discrete U (1) × [U (1) Z 2 ] gauge anomaly. Such an anomalous 2+1D theory must be gapless or have degenerate ground states, if we freeze the gauge fluctuations without breaking the U (1) × (U (1) Z 2 ) symmetry. We suspect that, in our particular case, 2+1D boundary theory is actually gapless. This is because if the Z 2 gauge symmetry is broken on the 2+1D boundary, we will have the following effective 2+1D boundary theory:
where φ is the Higgs field that breaks the Z 2 gauge symmetry, and theK-matrix is given bỹ
The above theory has a fractional mutual Hall conductance 
Such a theory can be realized by a double-layer bosonic fractional quantum Hall state described by K-matrix
where the bosons in the two layers carry unit charges of the two U (1)'s separately. If the Z 2 gauge symmetry does not break, φ will fluctuate with equal probability to be φ = ±|φ|. Due to the separate conservation of the two U (1) charges, the domain wall between φ = +|φ| and φ = −|φ| will support gapless edge excitations. 12, 60 Because there are long domain walls in the disordered phase of φ, this suggests that the theory is gapless if the U (1) × [U (1) Z 2 ] symmetry is not broken.
To further understand the physical property of such a discrete gauge anomaly, let us assume that the 3+1D space-time has a topology M 2 × M 2 . We also assume that the A 1µ gauge field has 2π flux on M 2 . In the large M 2 limit, the Lagrangian (34) reduces to an effective Lagrangian on M 2 which has a form
We note that the A 1µ gauge configuration preserve the U (1) × (U (1) Z 2 ) symmetry. The above Lagrangian is the effective Lagrangian of the U (1)×[U (1) Z 2 ] symmetric theory on M 2 probed by the A 2µ gauge field. 50 Such an effective Lagrangian implies that the
The non-trivial 1+1D U (1) × [U (1) Z 2 ] SPT state on M 2 has the following property: Let M 2 = R t × I, where R t is the time and I is a spatial line segment. Then the excitations at the end of the line are degenerate, and the degenerate end-states form a projective representation of
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The above result has another interpretation. Let the 3+1D space-time has a topology R t × I × M 2 . Such a space-time has two boundaries. Each boundary has a topology R t × M 2 , and the theory on the boundary is a Note that the monopole of A 1µ gauge field does not break the
Again consider only one boundary, we have seen that adding 2π flux of A 1µ gauge field changes the U (1) × [U (1) Z 2 ] representation of the boundary excitations from linear to projective. If the 2π flux is concentrated within a region of size L, we may assume that the boundary excitations that from a projective representation of U (1) × [U (1) Z 2 ] is concentrated within the region. When L is large, the 2π flux is a weak perturbation. The fact that a weak perturbation can create an non-trivial excitation in a projective representation implies that the excitations on the 2+1D boundary R t × M 2 is gapless. To summarize, we have the following two results: The first discrete gauge anomaly generates one of the
2 , the first discrete gauge anomaly also generates one of the Z 2 in Tor(
, R/Z]). According to the Künneth formula (see eqn. (E15))
where we have only kept the non-zero terms, and
So the discrete gauge anomaly generates the Z 2 of
, which is a structure that involve both U (1)'s.
Second discrete gauge anomaly
In this section, we will discuss the second discrete gauge anomaly that generates the other Z 2 associated with
The second discrete gauge anomaly is actually a gauge anomaly of U (1) Z 2 described by the non-trivial element in
At the moment, we do not know how to use a 3+1D gauge topological term to describe such an anomaly. However, we can describe the physical properties (i.e. the topological invariants) of the second discrete gauge anomaly.
50
Let the 3+1D space-time has a topology R t × I × S 1 × S 1 . The theory on a boundary R t × S 1 × S 1 has the second U (1) × [U (1) Z 2 ] gauge anomaly. If we freeze the U (1) × [U (1) Z 2 ] gauge fields without break the U (1) × [U (1) Z 2 ] symmetry and consider the large S 1 small S 1 limit, then the excitations on S 1 are gapped with a non-degenerate ground state, if the A 2µ gauge field is zero on S 1 × S 1 . However, the excitations on S 1 will be gapless or have degenerate ground states, if there is π flux of A 2µ gauge field going through S 1 .
50 (The gapless or degenerate ground states on S 1 are edge state of nontrivial 2+1D Z 2 SPT state.) Since adding π flux to small S 1 is not a small perturbation, we cannot conclude that the excitations on the 2+1D boundary R t × S 1 × S 1 are gapless.
We also note that the monopole of A 2µ gauge field in the 3+1D bulk breaks the Z 2 symmetry. In this case, we can only discuss the U (1)×U (1) charges of the monopoles (see Ref. 55 ).
IV. UNDERSTAND GAUGE ANOMALIES THROUGH SPT STATES
After discussing some examples of gauge anomalies, let us turn to the task of trying to classify gauge anomalies of gauge group G. We will do so by studying a system with on-site symmetry G in one-higher dimension. We have described the general idea of such an approach in section II. In this section, we will give more details.
A. The emergence of non-on-site symmetries in bosonic systems
Before discussing gauge anomalies, let us introduce the notion of non-on-site symmetries, and discuss the emergence and a classification of non-on-site symmetries. The non-on-site symmetries appear in the low energy boundary effective theory of a SPT state. So let us first give a brief introduction of SPT state.
Recently, it was shown that bosonic short-range entangled states 48 that do not break any symmetry can be constructed from the elements in group cohomology class H d+1 (G, R/Z) in d spatial dimensions, where G is the symmetry group. [37] [38] [39] Such symmetric short-range entangled states are called symmetry-protected trivial (SPT) states or symmetry-protected topological (SPT) states.
A bosonic SPT state is the ground state of a local bosonic system with an on-site symmetry G. A local bosonic system is a Hamiltonian quantum theory with a total Hilbert space that has direct-product structure: H = ⊗ i H i where H i is the local Hilbert space on site-i which has a finite dimension. An on-site symmetry is a representation U (g) of G acting on the total Hilbert space H that have a product form
where U i (g) is a representation G acting on the local Hilbert space H i on site-i. A bosonic SPT state is also a short-range entangled state that is invariant under U (g). The notion of shortrange entangled state is introduced in Ref. 48 as a state that can be transformed into a product state via a local unitary transformation. [75] [76] [77] A SPT state is always a gapped state. It can be smoothly deformed into a gapped product state via a path that may break the symmetry without gap-closing and phase transitions. However, a non-trivial SPT state cannot be smoothly deformed into a gapped product state via any path that does not break the symmetry without phase transitions.
Since SPT states are short-range entangled, it is relatively easy to understand them systematically. In particular, a systematic construction of the bosonic SPT state in d spatial dimensions with on-site symmetry G can be obtained through the group cohomology class H d+1 (G, R/Z).
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The SPT states are gapped with no ground state degeneracy when there is no boundary. If we consider a d-space-dimensional bosonic SPT state with a boundary, then any low energy excitations must be boundary excitations. Also since the SPT state is a short-range entangled state, those low energy boundary excitations can be described by a pure local boundary theory. [37] [38] [39] However, if the SPT state is non-trivial (i.e. described by a non-trivial element in H d+1 (G, R/Z)), then the symmetry transformation G must act as a non-on-site symmetry [37] [38] [39] 42 in the effective boundary theory. The non-onsite symmetry action U (g) does not have a product form U (g) = ⊗ i U i (g). So the SPT phases in d spatial dimensions lead to the emergence of non-on-site symmetry in d − 1 spatial dimensions. As a result, the different types of non-on-site symmetry in (d − 1) spatial dimensions are described by H d+1 (G, R/Z). The non-on-site symmetry has another very interesting (conjectured) property: the ground states of a system with a non-on-site symmetry must be degenerate or gapless.
37-39,50,69
The degeneracy may be due to the symmetry breaking, topological order, 46, 47 or both.
The above result is proven only in 1+1D. 37 For certain types of non-on-site symmetries, the ground state may even have to be gapless, if the symmetry is not broken.
For a reason that we will explain later, we will refer non-on-site symmetry as anomalous symmetry and onsite symmetry as anomaly-free symmetry. We see that a system with an anomalous symmetry cannot have a ground state that is non-degenerate. On the other hand a system with an anomaly-free symmetry can have a ground state that is non-degenerate (and symmetric). So the anomaly-free property of a global symmetry is a sufficient condition for the existence of a gapped ground state that do not break any symmetry.
B. Anomalous gauge theories as the boundary effective theory of bosonic SPT states
We can alway generalize an on-site global symmetry transformation into a local gauge transformation by making g to be site dependent
which is a representation of G Ns , where N s is the number of sites:
So we say that the on-site symmetry (i.e. the anomalyfree symmetry) is "gaugable". On the other hand, the non-on-site symmetry of the boundary effective theory is not "gaugable". If we try to generalize a non-on-site symmetry transformation to a local gauge transformation: U non-on-site (g) → U gauge ({g i }), then U gauge ({g i }) does not form a representation of G Ns . In fact, if we do "gauge" the non-on-site symmetry, we will get an anomalous gauge theory with gauge group G on the boundary, as demonstrated in Ref. 38, [40] [41] [42] [43] for G = U (1), SU (2). Therefore, gauge anomaly ∼ non-onsite symmetry. This is why we also refer the non-on-site symmetry as anomalous symmetry. Gauging anomalous symmetry will lead to an anomalous gauge theory.
Since non-site symmetries emerge at the boundary of SPT states. Thus gauging the symmetry in the SPT state in (d + 1)-dimensional space-time is a systematic way to construct anomalous gauge theory in d-dimensional space-time. Then from the group cohomology description of the SPT states, we find that the gauge anomalies in bosonic gauge theories with a gauge group G in d spacetime dimensions are described by H d+1 (G, R/Z) (at least partially).
C. The gauge non-invariance (i.e. the gauge anomaly) of non-on-site symmetry and the cocycles in group cohomology
The standard understanding of gauge anomaly is its "gauge non-invariance". However, in above, we introduce gauge anomaly through SPT state. In this section, we will show that the two approaches are equivalent. We also discuss a direct connection between gauge non-invariance and the group cocycles in H d+1 (G, R/Z). The SPT state in the (d + 1)-dimensional space-time bulk manifold M can be described by a non-linear σ-model with G as the target space
in large λ s limit. Here we triangulate the (d + 1)-dimensional bulk manifold M to make it a (random) lattice or a (d+1)-dimensional complex. The field g(x µ ) live on the vertices of the complex. So d d+1 x is in fact a sum over lattice sites and ∂ is the lattice difference operator. The above action S actually defines a lattice theory. i W top (g) is a lattice topological term which is defined and classified by the elements in H d+1 (G, R/Z). 38, 39, 49, 55, 56, 59 This is why the bosonic SPT states are classified by
Since G is an on-site symmetry in the d + 1D bulk, we can always gauge the on-site symmetry to obtain a gauge theory in the bulk by integrating out g(x µ )
The resulting topological term W gauge top (A) in the gauge theory is always a "quantized" topological term discussed in Ref. 55 . It is a generalization of the Chern-Simons term. 55, 56, 78 It is also related to the topological term W top (g) in the non-linear σ-model when A µ is a pure gauge 
if the space-time M has no boundary. But if the spacetime M has a boundary, then
which represents a gauge non-invariance (or a gauge anomaly) of the gauged bulk theory in (d+1)-dimensional space-time. (This is just like the gauge non-invariance of the Chern-Simons term, which is a special case of W gauge top (A µ ).) Note that the gauge anomaly θ[g(x µ )] mod 2π only depend on g(x µ ) on the boundary of M . Such a gauge anomaly is canceled by the boundary theory which is an anomalous bosonic gauge theory. Such a point was discussed in detail for G = U (1), SU (2) in Ref. 12 .
From the above discussion, we see that the bulk theory on the (d + 1)-dimensional complex M is gauge invariant if M has no boundary, but may not be gauge invariant if M has a boundary. Since a gauge transformation g(x µ ) lives on the vertices, it is described by {g i |i labels vertices}. Thus, the gauge non-invariance of the bulk theory is described by a mapping from G Ns to phase 2πR/Z: θ({g i } M ), where N s is the number of lattice sites (i.e. the number of the vertices). Such a mapping has two properties. The first one is θ({g i } M ) = sum of local terms for the cells in M (50)
The second one is θ({g i } M ) = 0 mod 2π (51) if M has no boundary, since the theory is gauge invariant when M has no boundary. Eqn. (51) is the cocycle condition in group cohomology theory and the function θ({g i } M ) satisfying (51) is a cocycle. When M does has a boundary, the gauge noninvariance θ({g i } M ) only depend on g i 's on the boundary (mod 2π). So it is a gauge non-invariance (or a gauge anomaly) on the d-dimensional boundary. Some times, such a gauge non-invariance θ({g i } M ) can be expressed as the sum of local terms for the cells on the boundary ∂M [this is potentially possible since θ({g i } M ) only depend on g i 's on the boundary mod 2π], then such a θ({g i } M ) will be called coboundary. The associated gauge noninvariance is an artifact of us adding gauge non-invariant boundary terms as we create the boundary of the spacetime. Such a gauge non-invariance is removable. So a coboundary does not represent a gauge anomaly. Only those gauge non-invariance θ({g i } M ) that cannot be expressed as the sum of local terms represent real gauge anomalies. After we mod out the coboundaries from the cocycles, we obtain H d+1 (G, R/Z). This way, we see more directly that the elements in H d+1 (G, R/Z) describe the gauge anomalies in d-dimensional space-time for gauge group G, assuming the gauge transformations are described by {g i } on the vertices of the space-time complex M .
We also see that a non-trivial gauge anomaly (described by a non-trivial cocycle) represents a gauge non-invariance in the boundary gauge theory. We believe that the above argument is very general. It applies to both continuous and discrete gauge groups, and both bosonic theories and fermionic theories. In the last section, when we discuss the connection between gauge non-invariance and the group cocycles, we assume that the gauge transformations on the vertices of the space-time complex M d , {g i }, can be arbitrary. However, in this paper, we want to understand the gauge anomalies in weak-coupling gauge theories in d spacetime dimensions, where gauge field strength is small. In this case, gauge transformations {g i } on the vertices are not arbitrary.
For finite gauge group G, the gauge transformations {g i } on the vertices of the space-time complex M d are indeed arbitrary. So H d+1 (G, R/Z) classifies the bosonic gauge anomalies in d-dimensional space-time for finite gauge group G.
H d+1 (G, R/Z) partially describes the fermionic gauge anomalies in d-dimensional space-time for finite gauge group G.
We will discuss the distinction between gauge anomalies in bosonic and fermionic gauge theory in section VI.
However, for continuous gauge group G, we further require that gauge transformations {g i } on the vertices of the space-time complex M d are close to smooth functions on the space-time manifold. In this case, there are more general gauge anomalies. Since the matter fields are gapped in the bulk, the low energy excitations only live on the boundary and are described by a boundary low energy effective theory with the non-dynamical gauge field. We like to ask, can we define the boundary low energy effective theory as a pure boundary theory, instead of defining it as a part of (d+1)-dimensional theory?
This question can be answered by considering the induced gauge topological terms (the terms that do not depend on space-time metrics) in the (d + 1)-dimensional theory as we integrate out the gapped mater fields. There are two types of the gauge topological terms that can be induced. The first type of gauge topological terms has an action amplitude e
(Aµ) that can change as we change the gauge field slightly in a local region:
They are classified by Free[ 55, 78 and corresponds to the AdlerBell-Jackiw anomalies in d-dimensional space-time. The Chern-Simons term is an example of this type of topological terms.
The second type of gauge topological terms has an action amplitude that does not change under any perturbative modifications of the gauge field in a local region (away from the boundary):
is an example of such kind of topological terms. We will refer the second type of topological terms as locally-null topological terms. Some of the locally-null topological terms are described by Tor [H d+1 (G, R/Z)].
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Since e
(Aµ) does not change for any perturbative modifications of the gauge field away from the boundary, one may naively think that it only depends on the fields on the boundary and write it as a pure boundary term
However, the above is not valid in general since e (Aµ) can change if the modification in the gauge field away from the boundary cannot be continuously deformed to zero. In this case, the appearance of the locally-null gauge topological term in (d + 1)-dimensions represents an obstruction to view the (d + 1)-dimensional theory as a pure d-dimensional boundary theory. This is why we can study nonABJ gauge anomalies through (d + 1)-dimensional locally-null gauge topological terms.
B. Classifying space and π-cohomology classes
To have a systematic description of the locally-null topological terms, let us use the notion of the classifying space BG for group G. The gauge configurations (with weak field strength) on the (d+1)-dimensional space-time manifold M d+1 can be described by the embeddings of
So we can rewrite our quantized topological term as a function of the embeddings M d+1 BG :
One way to construct the topological term is to use the topological (d + 1)-cocycles ν d+1 ∈ H d+1 (BG, R/Z):
Note that cocycles are cochains, and cochains are defined as linear maps from cell-complices M to R/Z. ν d+1 , M denotes such a linear map. As a part of definition,
BG satisfies the locality condition
which is similar to eqn. (50) . It turns out that the most general locally-null topological terms can be constructed from π-cocycles. By definition, a (d + 1)-π-cocycle µ d+1 is a (d + 1)-cochain that satisfy the condition can deform into each other continuously.) As a comparison, a (d+1)-cocycle ν d+1 are (d+1)-cochains that satisfy a stronger condition
BG is a boundary of a (d + 2)-dimensional cell complex.
Let us use Z d+1 π
VI. BOSONIC GAUGE ANOMALIES AND FERMIONIC GAUGE ANOMALIES
Why the π-cohomology theory developed above fails to classify all the fermionic gauge anomalies? In this section, we will reveal the reason for this failure. Our discussion also suggests that the π-cohomology theory may provide a classification of all bosonic gauge anomalies.
We have been studying gauge anomalies in ddimensional space-time through a bulk gapped theory in (d + 1)-dimensional space-time. The anomalous gauge theory is defined as the theory on the d-dimensional boundary of the (d + 1)-dimensional bulk. In our discussion, we have made the following assumption. We first view the gauge field as non-dynamical probe field (i.e. take the gauge coupling to zero). When the (d + 1)-dimensional bulk has several disconnected boundaries, we assume that the total low energy Hilbert space of the matter fields for all the boundaries is a direct product of the low energy Hilbert spaces for each connected boundary. So the total low energy Hilbert space of the matter fields can be described by independent matter degrees of freedom on each boundary. In this case, when we glue two boundaries together, other boundary will not be affected. This assumption allows us to use cochains in the classifying space to describe the low energy effective theory with boundaries.
In the following, we like to argue that the above assumption is valid for bosonic theories. This is because when we studied gauge anomalies, we made an important implicit assumption: we only study pure gauge anomalies. Had we broken the gauge symmetry, we would be able to have a non-perturbative definition of the theory in the same dimension. This implies that the matter degrees of freedom in the (d + 1)-dimensional bulk form a short-range entangled state 48 with a trivial intrinsic topological order. For bosonic systems, short-range entangled bulk state implies that the total Hilbert space for all the boundaries is a direct product of the Hilbert spaces for each connected boundary, for any bulk gauge configurations. This result can be obtained directly from the canonical form of the bosonic short-range entangled states suggested in Ref. 37,38. However, above argument breaks down for fermionic systems, as demonstrated by the 2+1D p + ip/p − i p fermionic superconductor with Z 2 × Z 2 symmetry. The edge state of the p+ i p/p− ip superconductor is described by eqn. (19) which has a Z 2 ×Z 2 fermionic gauge anomaly. If we break the Z 2 × Z 2 symmetry down to the fermion parity symmetry, the 1+1D theory (19) can indeed be defined on 1D lattice. Thus the p + i p/p − i p superconductor has no intrinsic topological order. However, we do not know the canonical form for such short-range entangled fermionic state. The bulk short-range entanglement does not imply that the total Hilbert space for all the boundaries is a direct product of the Hilbert spaces for each connected boundary, for any bulk Z 2 × Z 2 gauge configurations. We believe this is the reason why the cohomology theory fail to described all the fermionic gauge anomalies.
VII. THE PRECISE RELATION BETWEEN GAUGE ANOMALIES AND SPT STATES
Despite the very close connection between gauge anomalies and SPT states, different gauge anomalies and different SPT phases do not have a one-to-one correspondence.
Remember that the gauge anomaly is a property of a low energy weak-coupling gauge theory. It is the obstruction to have a non-perturbative definition (i.e. a well defined UV completion) of the gauge theory in the same dimension. While a SPT phase is a phase of short-range entangled states with a symmetry.
To see the connection between gauge anomalies and SPT phases, we note that the low energy boundary excitations of a SPT state in d + 1 space-time dimensions can always be described by a pure boundary theory, since the bulk SPT states are short-range entangled. However, the on-site symmetry of the bulk state must become a nonon-site symmetry on the boundary, if the bulk state has a non-trivial SPT order. If we try to gauge the non-on-site symmetry, it will lead to an anomalous gauge theory in d space-time dimensions.
Every gauge anomaly can be understood this way. In other words, every gauge anomaly correspond a SPT state which give rise to a non-on-site symmetry on the boundary. However, some times, two different gauge anomalies may correspond to two SPT states that can be smoothly connected to each other. For example, 3+1D U (1) gauge topological terms
gives rise to different 2+1D U (1) gauge anomalies for different values of θ (see section III E). However, the U (1) gauge topological terms with different values of θ correspond to SPT states that can connect to each other without phase transition. Thus, the different 2+1D U (1) gauge anomalies correspond to the same SPT phase. The gauge anomalies and the SPT phases in one higher dimension are related by an exact sequence (a many-to-one mapping):
Using such a relation between gauge anomalies and SPT phases, we can introduce the notions of gapless gauge anomalies and gapped gauge anomalies. We know that some SPT states must have gapless boundary excitations if the symmetry is not broken at the boundary. We call those gauge anomalies that map into such SPT states as "gapless gauge anomalies". We call the gauge anomalies that map into the SPT states that can have a gapped boundary states without the symmetry breaking "gapped gauge anomalies".
It appears that all the ABJ anomalies are gapless gauge anomalies. The 2+1D continuous U (1) gauge anomalies discussed above (see section III E) are examples of gapped gauge anomalies, which are nonABJ anomalies. The first discrete 2+1D U (1)×(U (1) Z 2 ) gauge anomaly discussed in section III G 3 is an example of gapless gauge anomaly, which is also a nonABJ anomaly. All the 1+1D gauge anomalies are gapless gauge anomalies, since 2+1D SPT state always have gapless edge excitations if the symmetry is not broken.
37

VIII. NON-PERTURBATIVE DEFINITION OF CHIRAL GAUGE THEORIES
In this section, we will discuss an application of the deeper understanding of gauge anomalies discussed in this paper: a lattice non-perturbative definition of any anomaly-free chiral gauge theories. This idea can be used to construct a lattice non-perturbative definition of the SO(10) grant unification chiral gauge theory.
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A. Introduction
The U (1) × SU (2) × SU (3) standard model [80] [81] [82] [83] [84] [85] is the theory which is believed to describe all elementary particles (except the gravitons) in nature. The standard model is a chiral gauge theory where the SU (2) gauge fields couple differently to right-/left-hand fermions. For a long time, we only know a perturbative definition of the standard model via the perturbative expansion of the gauge coupling constant. The perturbative definition is not self consistent since the perturbative expansion is known to diverge. In this section, we would like propose a non-perturbative definition of any anomaly-free chiral gauge theories. We will construct well-regulated Hamiltonian quantum models 105 whose low energy effective theory is any anomaly-free chiral gauge theory. Our approach will apply to the standard model if the standard model is free of all anomalies.
There are many previous researches that try to give chiral gauge theories a non-perturbative definition. There are lattice gauge theory approaches, 86 which fail since they cannot reproduce chiral couplings between the gauge field and the fermions. There are domainwall fermion approaches. 87, 88 But the gauge fields in the domain-wall fermion approaches propergate in one higher dimension: 4+1 dimensions. There are also overlapfermion approaches. [89] [90] [91] [92] However, the path-integral in overlap-fermion approaches may not describe a Hamiltonian quantum theory (for example, the total Hilbert space in the overlap-fermion approaches, if exist, may not have a finite dimension, even for a space-lattice of a finite size).
Our construction has a similar starting point as the mirror fermion approach discussed in Ref. 93 d+1 (G, R/Z) in (d + 1)-dimensional space-time. After "gauging" the on-site symmetry G, we get a bosonic chiral gauge theory on one boundary and the "mirror" of the bosonic chiral gauge theory on the other boundary. (b) A stacking of a few SPT states in (d + 1)-dimensional space-time described by cocycles νi. If i νi = 0, then after "gauging" the onsite symmetry G, we get a anomaly-free chiral gauge theory on one boundary. We also get the "mirror" of the anomalyfree chiral gauge theory on the other boundary, which can be gapped without breaking the "gauge symmetry".
gue that it is almost impossible 100 to use mirror fermion approach to non-perturbatively define anomaly-free chiral gauge theories. Here, we will argue that the mirror fermion approach actually works. We are able to use the defining connection between the chiral gauge theories in d-dimensional space-time and the SPT states in (d + 1)-dimensional space-time to show that, if a chiral gauge theory is free of all the anomalies, then we can construct a lattice gauge theory whose low energy effective theory reproduces the anomaly-free chiral gauge theory. We show that lattice gauge theory approaches actually can define anomaly-free chiral gauge theories nonperturbatively without going to one higher dimension, if we include a proper direct interactions between lattice fermions.
B. A non-perturbative definition of any anomaly-free chiral gauge theories
Let us start with a SPT state in (d + 1)-dimensional space-time with a on-site symmetry G (see Fig. 3a ). We assume that the SPT state is described by a cocycle ν ∈ H d+1 (G, R/Z). On the d-dimensional boundary, the low energy effective theory will have a non-on-site symmetry (i.e. an anomalous symmetry) G. Here we will assume that the d-dimensional boundary excitations are gapless and do not break the symmetry G. After "gauging" the on-site symmetry G in the (d + 1)-dimensional bulk, we get a bosonic chiral gauge theory on the d-dimensional boundary whose anomaly is described by the cocycle ν.
Then let us consider a stacking of a few bosonic SPT states in (d + 1)-dimensional space-time described by cocycles ν i ∈ H d+1 (G, R/Z) where the interaction between the SPT states are weak (see Fig. 3b ). We also assume that i ν i = 0. Because the stacked system has a trivial SPT order, if we turn on a proper G-symmetric interaction between different layers on one of the two boundaries, we can fully gap the boundary excitations in such a way that the ground state is not degenerate.
(Such a gapping process also do not break the G symmetry.) Thus the gapping process does not leave behind any low energy degrees of freedom on the gapped boundary. Now we "gauge" the on-site symmetry G in the (d + 1)-dimensional bulk. The resulting system is a non-perturbative definition of anomaly-free bosonic chiral gauge theory described by ν i with ν i = 0. Since the thickness l of the (d + 1)-dimensional bulk is finite (although l can be large so that the two boundaries are nearly decoupled), the system actually has a d-dimensional space-time. In particular, due to the finite l, the gapless gauge bosons of the gauge group G are gapless excitations on the d-dimensional space-time.
The same approach also works for fermionic systems. We can start with a few fermionic SPT states in (d + 1)-dimensional space-time described by super-cocycles ν i 51 that satisfy ν i = 0 (i.e. the combined fermion system is free of all the gauge anomalies). If we turn on a proper G-symmetric interaction on one boundary, we can fully gap the boundary excitations in such a way that the ground state is not degenerate and does break the symmetry G. In this case, if we gauge the bulk onsite symmetry, we will get a non-perturbative definition of anomaly-free fermionic chiral gauge theory.
C. A non-perturbative definition of some anomalous chiral gauge theories
In the above non-perturbative definition of some anomaly-free chiral gauge theories, the lattice gauge theories reproduce all the low energy properties of the anomaly-free chiral gauge theories, including all the low energy particle-like excitations and degenerate ground states. This is because the gapped mirror sector on the other boundary has a non-degenerate ground state.
However, for the application to high energy physics, in particular, for the application to non-perturbatively define the standard model, we only need the nonperturbatively defined theory to reproduce all the low energy particle-like excitations. In this case, the gapped mirror sector on the other boundary can have degenerate ground states and non-trivial topological orders.
If we only need the non-perturbatively defined theory to reproduce all the low energy particle-like excitations, we can even define certain anomalous chiral gauge theories non-perturbatively, following the method outlined in the previous section. Using the notions of "gapless gauge anomalies" and "gapped gauge anomalies" introduced in the last section, we see that we can use a lattice gauge theory to give non-parturbative definition of an anomalous chiral gauge theory, if the chiral gauge theory has a "gapped gauge anomaly".
Thus all the chiral gauge theories with the ABJ anomalies do not have a non-perturbative difinition. The 2+1D chiral gauge theories with the first discrete 2+1D U (1) × (U (1) Z 2 ) gauge anomaly discussed in section III G 3 also do not have a non-perturbative difinition.
However, many other anomalous chiral gauge theories have "gapped gauge anomalies" and they do have a nonperturbative difinition. The gapped boundary states of those anomalous chiral gauge theories have non-trivial topological orders and ground state degeneracies.
IX. SUMMARY
In this paper, we introduced a π-cohomology theory to systematically describe gauge anomalies. We propose that bosonic gauge anomalies in d-dimensional space-time for gauge group G are classified by the elements in (BG, R/Z) describes some of the fermionic gauge anomalies. The gauge anomalies for both continuous and discrete groups are treated at the same footing.
Motivated by the π-cohomology theory and the closely related group cohomology theory, we studied many examples of nonABJ anomalies. Many results are obtained, which are stressed by the framed boxes.
The close relation between gauge anomalies and SPT states in one-higher dimension allows us to give a nonperturbative definition of any anomaly-free chiral gauge theory in terms of lattice gauge theories. In this paper, we outline a generic construction to obtain such a nonperturbative definition.
The close relation between gauge anomalies and SPT states also allows us to gain a deeper understanding for both gauge anomalies and SPT states. Such a deeper understanding suggests that gravitational anomalies are classified by topological orders 46, 47 (i.e. patterns of longrange entanglement 48 ) in one-higher dimension. To see such a connection, we like to point out that if a theory cannot be non-perturbatively defined in the same dimension even after we break all the gauge symmetries, then the theory should have an anomaly that is beyond the gauge anomaly. This more general anomaly can be identified as gravitational anomaly. A theory with gravitational anomaly can only appear as an effective theory on the boundary of a bulk theory in one-higher dimension, which has a non-trivial intrinsic topological order. 46, 47 This line of thinking suggests that the gravitational anomalies are classified by topological orders (i.e. patterns of long-range entanglement 48 ) in one-higher dimension, leading to a new fresh point of view on gravitational anomalies.
We also like to remark that in Ref. 55 , quantized topological terms in d-space-time-dimensional weakcoupling gauge theory are systematically constructed using the elements in H d+1 (G, Z). The study in this paper shows that more general quantized topological terms can be constructed using the discrete elements in The above map represents the relation between the nonABJ gauge anomalies described by H d+1 π (BG, R/Z) and the global gauge anomalies described by H 1 (π d+1 (BG), R/Z). If a 1D representation of π d+1 (BG) cannot be induced by any π-cocycle, then the corresponding global gauge anomaly is not realizable by local bosonic systems. and chain complex X . The Künneth formula is given by (see Ref. 102 page 247)
Here R is a principle ideal domain and M, M are Rmodules such that Tor R 1 (M, M ) = 0. We also require that M and H d (X , Z) are finitely generated, such as M = Z ⊕ · · · ⊕ Z ⊕ Z n ⊕ Z m ⊕ · · · .
A R-module is like a vector space over R (i.e. we can "multiply" a vector by an element of R.) For more details on principal ideal domain and R-module, see the corresponding Wiki articles. Note that Z and R are principal ideal domains, while R/Z is not. Also, R and R/Z are not finitely generate R-modules if R = Z. The Künneth formula works for topological cohomology where X and X are treated as topological spaces. The Künneth formula also works for group cohomology, where X and X are treated as groups, X = G and X = G , provided that G is a finite group. However, the above Künneth formula does not apply for Borel-group cohomology when X = G is a continuous group, since in that case H d B (G , Z) is not finitely generated. The tensor-product operation ⊗ R and the torsionproduct operation Tor 
where m, n is the greatest common divisor of m and n. These expressions allow us to compute the tensorproduct ⊗ R and the torsion-product Tor
